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SYNOPSIS
An analysis of a three span beam is used to illustrate the
effect of yield strength on rotation capacity. The analysis consists of:
(1) determination of the rotation capacity required to permit the
formation of a mechanism (2) determination of the rotation capacity
available (3) determination of limiting values of length to depth and
unbraced length to ensure that adequate rotation capacity is available.
The limiting values of length to depth ratio resulting from the rotation
capacity analysis are compared with those required to meet a working load
deflection criterion.
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For the purposes of this discussion, rotation capacity shall be
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INTRODUCTION
Plastic de~ign results in an efficient use of steel and a uniform
factor of safety in statically indeterminate steel structures. The use of
plastic design is, however, restricted at present (1965) to steels with
yield stresses between 30 and 36 ksi. Consideration is now being given to
the extension of plastic design methods to higher strength steels with
yield stresses of up to 50 ksi. Before such steels can be used in
plastically designed structures, careful consideration must be given to the
requirements imposed on members and the extent to which high strength steel
members meet these requirements.
The concept of plastic design is based on the ability of
structures to redistribute internal forces as their components yield. If
the redistribution of moments required by plastic design is to occur, the
first regions to yield must be capable of deforming at or near the plastic
moment, ~, as' the more rigid elastic portion of the structure continues to
accept additional load.
The results of beam tests indicate that the ability of beams to
deform at MP is terminated at the occurrence of a combination of large out-
of-plane deformations of the beam between lateral supports and severe local
buckling of the plate elements of the beam. (1,2,3) An analysis, in which
the extent of yielding and consequent reduction in stiffness of a member are
considered, can be performed to determine the hinge rotations at which out-
of-plane deformations begin to occur in an initially straight member. (4,5,6,
7 i 8)
considered to be the inelastic rotation at which either of~these out-of-
-1-
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plane effecis, lateral torsional buckling or local buckling~ occurs.
To illustrate the effects of using high strength steels on the
requirements imposed on members, an analysis of the three span beam shown
in Fig. 1 has been performed. The beam is of uniform cross section over the
three spans and symmetric with respect to the center line. Loads are
applied at the quarter points in all three spans. The factor of proportion-
ality between loads in the side and center spans is J3. The ratio of side
span to center span length is a .
This simple structure was selected as an illustrative example
because by the variation of only two paremeters, a andJ3 ' the effects of
variations in the distribution of loads and in the structural geometry may
be considered. In addition, part of the structure is under moment gradient
and part is under uniform moment. Local buckling occurs first in the former
case and lateral torsional buckling in the latter. (6)
The analysis consists of (1) the determination of the rotation
capacities required to permit the formation of a mechanism (2) the
determination of the rotation capacities that can be delivered and (3)
evaluation of the effect upon these quantities of pertinent variables. The
effects of relevant material properties are discussed with special emphasis
given to the effect of variation of yield stress. Expressions for rotation
capacity required are equated to expressions for rotation capacities
available to obtain limiting values of length-to-depth and slenderness
ratios for selected values ofa andt3. The length-to-depth ratio limit-
ations imposed to ensure adequate rotation capacity are compared with those
~ imposed to meet a working load deflection criterion.
-2-
(
, "
297.14
REVIEW OF PAST WORK
A brief review of the behavior of beams loaded in the plane of
the web will help to illustrate the nature of the problem under consider-
ation. For ,the purposes of this discussion, a distinction is made between
two types of loading. The first type of loading results in the formation
of the first plastic hinges in a region of uniform moment. The second type
of loading results in the formation of the first plastic hinge in ,a region
of moment gradient.
The beam shown in Fig. 2 represents the uniform moment case.
When the beam is loaded as shown, a p1astified-region forms between the
point loads. Due to the discontinuous stress-strain relationship of steel,
yielding occurs at discrete points in the region of uniform moment. (4,6,8)
This fact is characterized by the occurrence of yield lines at intervals
along the region of uniform moment as sketched in Fig. 2 (b). Additional
deformation results in additional yield lines, again at discrete points as
shown in Fig. 2 (c). The occurrence of yielding at discrete points results
in discontinuities in curvature in the region of uniform moment as is shown
in Fig. 2 (d). Some portions of the region of uniform moment are at the
cnrvature corresponding to first yield 0y and others are at the curvature
corresponding to complete yield (strain hardening) 0ST ' (4,6)
When the applied load is plotted as a function of the rotation
occurring between the load points, the curve shown in Fig. 3 results.
The solid curve ,represents the behavior of the beam as idealized in
plastic analysis. The dashed curve shows the influence of residual
stresses, the shape factor dnd ultimately the effect of out-of-p1ane
-3-
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deformations~\ Between points (c) and (d) of Fig. 3, a large rotation
occurs with little increase in load. At point (d) the beam unloads.
Beyond this point additional deformations results in a reduction in load.
Unloading is accompanied by large out of plane deformations of the beam
and of the individual plate elements of which the beam is composed.
The rotation capacity of the critical beam, which in this case
is the segment between the two loads, is the difference in rotation
between points (a) and (d)ofFig. 3. The rotation capacity is the
integrated effect of the portions of the curvature function in which 0y
is exceaed in the region of uniform moment. The rotation capacity is
represented graphically by the summation of the areas under the projections
on the curvature diagram shown in Fig. 2(d). The rotation capacity
required to permit the formation of a mechanism is the rotation that occurs
between points (a) and (c) of Fig. 3. The minimum requirement imposed
upon a beam that is to be used in plastic design is that points (c) and (d)
. coincide. That is, the rotation capacity of the beam must be equal to or
greater than that required to permit the formation of a mechanism.
The beam shown in Fig. 4 represents the moment gradient case.
The behavior of the beam under moment gradient differs significantly from
that of the beam in the uniform moment case. In the moment gradient case,
the discontinuity of the stress-strain relationship results in discontin-
uities of the curvature function only at the boundaries of the yielded zone
as shown in Fig. 4 (d). (4,5,6,7) This behavior is evidenced by the
concentration of yield lines shown in Figs. 4(b) and (c). The strains and
consequently curvature are at or in excess of the strain hardening value
over the entire yielded region.
-4-
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In Fig. 5 the load is plotted as a function of the rotation
,
occurring between the end points of the yield zone TL and TR shown in
Fig. 4 (c). The solid curve in Fig. 5 represents the behavior as idealized
in plastic analysis. The dashed curve shows the influence of residual
stresses, the shape factor, strain hardening and ultimately out of plane
deformations. As can be seen in Fig. 5, the ultimate load predicted by
simple plastic theory can be exceeded. This occurs because the plastic
moment is exceeded due to the effects of strain hardening. As in ·the
uniform moment case, the beam unloads at some point (d). Unloading is
accompanied by large out-of-p1ane deformations of the beam itself and the
plate elements of which the beam is composed. The rotation capacity, in
this case, is the change in rotation between yielding and unloading, points
(a) and (d) of Fig. 5. This angle is represented graphically by the shaded
portion of the curvature function shown in Fig.4(d). The required rotation
capaci!Y is the change in rotation which occurs between yielding and
formation of a mechanism, points (a) and (c) of Fig. 5. The minimum
acceptable performance is the case in which points (c) and (d) coincide.
That is, unloading must not occur before the load predicted by plastic
analysis is attained.
In both the uniform moment and the moment gradient cases, the
rotation capacity required to permit the formation of a mechanism can be
approximated by the change in angle between points (a') and (c') of Figs.
3 and 5. That is, the true plastic hinge angle required to permit the
formation of a mechanism can be approximated by perfor~ing an elastic
analysis of a beam in which all but the last plastic hinges to form are
replaced by true hinges loaded by couples equal to Mp (9,10,11). The
-5-
rotations that occur at the hinges in the beams of Fig. 6 can be used to :1
approximate the plastic hinge ?ngles of the beams in Figs. 2 and 4.
In both the moment gradient and the uniform moment case, the
rotation capacity is defined as the inelastic rotation at which unloading
occurs. A lateral torsional 'buckling analysis can be performed to
determine the rotations at which out of plane deformations of the beam
become -large. A local buckling analysis can be performed to .determine the
rotation at which out of plane deformations of the plate elements become
large.
The rotation capacity expressions presented in Refs. 6,7, and
8 are used. There are two expressions, one applicable to the moment
gradient case, the other applicable to the uniform moment case. The
expression for rotation capacity in the moment gradient is:
(7)
case
9H = t:;T -0~ ~][ 1.42 tb fiJ[1 + VI Jw V2
The meanings of the terms are as follows:
(1)
9H is the rotation capacity in radians,E ST is the strain ha~dening strain,
E y is the yield strain, d is the section depth, t is the flange thickness,
'b is the flange width, A
w
and Af are, the web and flange areas and Viand V2
are the lesser and greater shears respectively on opposite sides of the
point of maximum moment. The quotient Vl /V2
must be less than or equal to
unity. It is suggested in Ref. 7 that,the expression for rotation capacity
for the moment gradient case be used for values of p ,shown in Fig. 7,
(wherep is the ratio of end moments .on the segment to be braced) of less'
than. or equal 'to 0.. 7.' For values· of p greater than 0.7· the uniform moment
expression should be used. The expression is applicable only to "compact"
-6-
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sections. In Ref. 15 compact sections are defined as sections in which
b/ t L. 2 (2)
In this expre~sion,cry is the yield stress,cru the ultimate stress, and
(3)
G is the shear modulus, E is Young's modulus, EST is the strain hardening
modulus and Vis Poisson's ratio. The resulting values given in Ref. 15
are bit L.. 17.1 for A36 steel and 13.4 for A441. In Ref. 6 it is shown
that the expression is applicable when the unbraced length to slenderness
ratio Lb/r ~ 0.717 in which Lb is the unbraced length and r y is the weaky l[Ey
axis radius of gyratiOI'L These values are Lb/ry~ 65 for A36 and
Lb/ry~ 55 for A441. These values do not take advantage of any restraint
available from adjacent spans. If these restrictions on bracing spacing
and f1&nge geometry are met, then the rotation defined by Eq. 1 can be
reached without unloading due to local and/or lateral-torsional buckling.
The expression for rotation capacity in the uniform moment case
(4)
0.7 ~
EST
[
EST -1
E"y
is:(8)
l\ is the hinge
other terms are
kLblength, --- is the effective unbraced length and the
r y
as defined earlier. The expression is applicable when
the p of Fig. 7 is less than or equal to 1 and greater than 0.7. The
effective length factor k is 0.54 when the bracing is applied at the ends
of the region of uniform moment. That is, when the spans beyond the
-7-
braces are elastic. The value of k is 0.8 when the bracing is applied
inside the region of uniform moment, that is, the spans outside the braces
are plastified. (6) The expression is applicable only to compact sections.
The expression is applicable when
(8) ( 5)
In Ref. 8 this is termed the optimum bracing spacing since more closely
spaced bracing does not increase rotation capacity (because of local
, buckling). The optimum support spacing for A36 steel (Ey = 0.00122,
The optimum support spacing for A44l steel
kLbis = 14.9. For the case in which the
r y
45)
20.2.is kLb =
r y
(Ey = 0.00172, E/EST =
E/EST = 33)
adjacent spans offer the maximum res traint (k = 0.54), the optimum
bracing spacing is 37.5 for A36 and 27.5 for A44l beams.
-8-
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REQUIRED ROTATION CAPACITY
The rotation capacity required to permit the formation of a
mechanism is determined as shown in Refs. 9 and 10. A plastic analysis is
performed first to determine at which of the possible hinge locations
hinges will form. Then an elastic analysis is performed to determine the
location of the maximum moment. The first hinge forms at this location
and thus the hinge rotation is calculated at this point. ' The beam
considered is shown in Fig. 1. It is symmetric and twice redundant.
When a plastic analysis is performed, it is found that one of
the mechanisms shown in Fig. 8 will occur. For the side span mechanism
shown in Fig. 8(a) the ultimate load P is~. For the center span
us {.3a L
mechanism shown in Fig. 8(b), it is found that the ultimate load P is
us
8M
~.
L
The expression for the side span mechanism ultimate load can be
equated to that of the center span mechanism to determine the relationship
between a and{.3 required to obtain the combined mechanism shown in Fig.8(c).
The relatio?ship is:
(6)
If this relationship is expressed as an inequality, it can be used to
determine which mechanism will occur for a given combination of a andJ1
When the load required to cause the side span mechanism is set equal to or
greater than the load to cause the center span mechanism, the following
inequality results.
b L 2
1.J - 8a
When this inequality is satisfied, the center span mechanism occurs.
(7)
Equation 6 is plotted as curve A in Fig. 9. Inequality 7 shows that for
-9-
points above curve A the side span mechanism governs, for points below
curve A the center span mechanism governs and on curve A the mechanisms
occur together.
Next, the orqer of formation of the hinges must be determined
for each mechanism. An elas tic analysis is performed to determine
expressions for moment at each of the possible points of maximum moment.
The resulting expressions are:
~ = PL[.8a _ -2[1 + .8a~
4 l28[ .a + .!.
3 2
Me = PL[/3a - 9[1 + J3a2]]
4 128[~ + t ]
~ = _3PL [1 +,Ba ]32 a + .!.
3 2
~ PL [! -L [ 1 +J3a2JJ4 32 a+.!.
3 2
f
(8)
(9)
(10)
(11)
The subscripts indicate the location of the point at which the moment is
calculated. The locations of the points are shown in Fig. 1.
An inequality is then written which states that the magnitude
of the moment at point B is equal to or greater than the magnitude of the
moment at point D. This resu,lts in an inequality in~ andf3 which can
be used to determine whether the first hinge forms at point B or point D
when the side span mechanism occurs. The inequality is:
Q ~ 90 (12)
fJ - 96Q - 26ci
When this inequality is satisifed, the first hinge forms at point B in the
-10-
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side span. Equation 12 is shown as curve B in Fig. 9. Combinations of
a and f3 falling in region II, above curve B, cause the first hinge to
format point B of Fig. 1. Combinations of a andf3 falling in region I,
between curves A and B, cause the first hinge to form at point D of
Fig. 1. On curve B, between regions I and II, the hinges form simultan-
sously.
Another inequality is written which states that the magnitude
. of the moment at point D is greater"than that at point E. The resulting
inequality in a and f3 can be used to determine whether the first hinge
forms at point D or E when the center span mechanism governs. The
inequali ty is:
D ~ Sa - 6
fJ lS a 2
When this inequality is satisfied,the first hinge in the center span
(13)
mechanism occurs at point D. Equation 13 is shown as curve C in Fig. 9.
Combinations of a andf3 falling in region III, between curves C and A,
of Fig. 9 cause the first hinge of the center span mechanism to occur
at point D. Combinations of aand f3 falling in region IV beneath curve
C of Fig. 9 cause the first plastic hinge to occur over the region of
uniform moment at the center of the center span.
The inequali ties shown in Eqs. 7, 12, 13 or Fig. 9 can be used to
determine which mechanism will occur and which hinge forms first within the
mechanism for any combination o"f a and/3. When the location and order of
formation of the hinges are known, the rotation capacity required to
permit the formation of a mechanism can be determined. The rotation that
must occur at a hinge is evaluated by performing an elastic analysis on the
. (9,10,11)
statically determinate beam that exists as the last h1nge forms .
.. ~
-11-
The beam shown in Fig.10(a) is analyzed to determine the
rotation capacity required to permit the side span mechanism to occur
when the first hinge forms over the support. The resulting expression,
applicable for combinations of a and f3 which fall in region I of Fig. 9 ,is:
8 = 2Ey fL [13Q +~ _ 1]
DI d 96 32f3a 2
In the expression f is the shape factor and the remaining terms are as
(14)
defined earlier. Equation 14 is plotted in dimensionless form in Fig. 11.
The beam shown in Fig. lO(b) is analyzed to determine the
rotation capacity required to permit the side span mechanism to occur when
the first hinge forms under the load at point B. This hinge forms first
for combinations of a and f3 falling in region II of Fig. 9. The
expression for required rotation capacity is:
'8 =2Ey fL r~+ -l2.... - 21
B d L48 8130 j
Equation 15 is plotted in dimensionless form in Fig. 12.
The beam shown in Fig. lO(a) is analyzed to determine the
( 15)
rotation capacity required to permit the center span mechanism to occur
when the first hinge forms over the support. This hinge forms first for
combinations ofaandf3falling in region III of Fig. 9. The expression for
required rotation capacity is:
2 fL [~Q~2 ]8 =~ ~-g+l
DIll d 4 3 4
Equation 16 is plotted in dimensionless form in Fig. 13.
The beam shown in Fig. lO(c) is analyzed to determine the
-12-
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rotation capacity required to permit the center span mechanism to occur
when the first plastic hinge forms over the region of uniform moment. The
inelastic rotation occurring between the centerline of the beam and the
load point is calculated. This hinge forms first for combinations of
a and 11 falling in region IV of Fig. 9. The expression for required
\
rotation capacity is:
(17)
Equation 17 is plotted in dimensionless form in Fig. 14.
replacing
Equations 14 through 17 were placed in the form shown by
~ 2f€yL
the term EI with the term d The rotation capacity
required to permit the formation of a mechanism is directly proportional
to the yield strain and to the length-to-depth ratio of the beam considered.
Thus, for a given beam, an A44l member requires 50/36 times as much
rotation capacity as does an A36 member.
High strength steels yield greater plastic moments for a given
cross section. Therefore, an A44l member selected to carry a given load
is lighter than an A36 member selected to carry the same load. If the
reduction in weight is accomplished by selection of a shallower high
strength member, the difference in rotation capacity requirement is even
greater than the difference in yield stress would indicate.
-13-
The rotation capacities of the beams in the structure of Fig. 1
are evaluated by means of the expressions developed inRefs. 6, 7, and 8.
Equations 7, 12, and 13 or Fig. 9 are used to determine which hinge forms
first. Equation 1 can be used to determine the rotation capacity if the
first hinge forms in a region of moment gradient. Equation 4 can be used
if the first hinge forms in the region of uniform moment.
Beams Under Moment Gradient
The case in which the first hinge forms in a region of moment
gradient is discussed first. Equation (1), the rotation capa~ity of a
beam under moment gradient, is a function of material properties, a cross
sectional property, and the shears on opposite sides of the point of
maximum moment. The effects of these variables are considered separately
tq permit a comparison of the relative magnitude of the influence of each
on the roation capacity.
When the last plastic hinge begins to form in the structure of
Fig. 1, there are as many plastic hinges present as there were redundants
originally. Therefore, the equations of static equilibrium may be used to
evaluate the moments and shears in the remainder of the beam. For example,
Fig. 9 shows that for a beam with equal spans and equal loads the side span
mechanism governs and the first hinge forms at the supports. Therefore,
when determining the rotation capacity available, the ratio of shears at
the inner support must be known as the beam reaches its ultimate load.
The ultimate load for this case is ~ . The plastic moment is known toL
occur at points B and D. By equating the sum of the forces normal to the
-14-
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beam and the moments about one support equal to zero for the
it is determined that the shear at the support in the center
center span,
5M
span is ----.E..
L
By equating the sum of moments about the exterior support equal to zero, it
is determined that the shear at D in the outer span is
V
quotient -l is equal to 2 in this case.
V2 6
~
L
The
A calculation similar to the foregoing can be performed in
general terms to permit an evaluation of the effects of a and f3 on the
quotient Vl. The equations of equilibrium are used to determine the
V2
shears VL and VR on the left and right of the poin~ of maximum moment. VL
The1.
checked to determine that
larger for a given combination ofa and f3 .
function of Qand {3. At the same time,p is
V
and VR are related by means of an inequality of the form -1VR
resulting inequality in a and f3can be used to determine which shear is
Vl
is then determined as a
V2
the moment gradient expression for rotation capacity is applicable .
. When the above calculation is performed, the following results
are obtained. For case I, the side span mechanism with the first hinge at
the support, the shear in the side span at support D is greater when
f3 ~t and:
(18)
For f3~2 the shear in the center span is greater and:
6
[ 1 + V1] =[1 + .L JVi 6f3 ( 19)
Equations 18 and 19 are plotted as the straight line and hyperbolic portion
V
of the curve shown in Fig. 15. The quotient :-1., and thus the rotation
V2
capacity, is independent of the relative length of spans a and, as can be
seen in Fig. 15, is sensitive to changes in the relative magnitude of
-15-
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For case II, the side span mechanism with the first hinge at
point B, the shear between points A and B is always four times greater
than between points Band C. Therefore, for all a and 13:
(20)
VI
For this case, the quotient and thus the rotation capacity is
V2
independent of a and {3. This fact indicates that when the first hinge
forms within the span, the rotation capacity is independent of conditions
in the adjacent span.
For case III, the center spa~ mechanism with the first hinge
at the support, the shear at D is greatest in the center span for
For ~r -8~1 the shear in the side span is greater and
(21)
- [1 + 8 ]
- 8f3+ ~ (22)
Equations 21 and 22 are plotted in Fig. 16. The curves are terminated at
combinations of Q'and f3 for which mechanism III does not occur. The
VI Qquotient is a function of both Qand fJin this case.
V2
The maximum rot~tion capacity can only be twice as great as the
VI
minimum for a given cross section and steel since can vary only
V2
between 0 and 1.
-16-
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The variation in the effect of cross sectional properties is
the groups of sections listed by the A.I.S.C.
tb
wd has been calculated for the first and last section in each of
roughly of
14~
VA};
the same order of magnitude. The cross sectional property
b . 18. Thas earn sect10ns. ese
values are shown under the heading K in table 1. The minimum value is
0.48, the maximum 0.96 and a typical value is 0.7.
The rotation capacity of a beam under moment gradient is
In the computations which follow 11 is used assteel.
EST
Ey
A44l
proportional to the yield strain E and the ratio of strainy
strain to yield strain EST. In Reference 16 a value of 12 is
Ey
for A36 steel. In Reference 17 a value of 11.7 is
presented for
directly
hardening
suggested for
representative value of EST for both steels. When this
~y
used, the rotation capacity for compact sections is
a conservatively
value of EST is
Ey
affected by using a high strength steel in the same way as the rotation
capacity required to permit the formation of a mechanism.
In the beam used as an example, (Fig. 1), a and f3 do not
influence the rotation capacity when the first hinge forms. in the region of
reported as 33 for A36 steel and 45 for A44l.
E EST and Ly, ---- •
Ey EST
L is
EST
In Ref. 6 values of L are
EST
A consideration of Eq. 4
somewhat different for A36 and A44l steel.
uniform moment. In this case the rotation capacity is a function of the
. kLb
unbraced slenderness rat10 ---- and material properties
r y
The ratio of Young's modulus to the strain hardening modulus
I
~
I.
shows that the rotati6n capacity of high s~rength steel beams is less for
beams under uniform moment because 8H is inversely proportional to L .EST
Equations 18 through 22 can be used in Eq. 1 to determine
-17-
the rotation capacity available when the first hinge forms in a region of
moment gradient. The adequacy of the beam, rather than the rotation
capacityof the beam, is of interest. The expression for rotation capacity
required is a function of ~ (Eqs. 14 - 17). The expression for rotation
mpacity contains a cross sectional property but is independent Of~.
Therefore the expressions for rotation capacity can be related to the
expressions for rotation capacity requited to determine limiting values
of ~ in terms of the cross sectional properties,
d
that the beam has sufficient rotation capacity.
EST
--,
Ey
a and f3 to ensure
The expression for rotation capacity is related to that for
rotation capacity required by means of the inequality e ~ eposs - req' d.
in these cases.
Vl
expressions for
V2
There are two expressions for ~ for cases I and III since there are two
d
For case I, side span mechanism with first hinge at the support,
the. maximum value of ~ is determined for _5_ ~ f3 L .2. as:
8 a. 6
L L _1_.4_2--=.[_=_;_T l=-J_K--..:[=--l_+_~_f3-=]=-
d f [130 +~_ 1:.]
96 32 afJ 2
(23)
and for {3::=:: %as:
(24)
in which K = tb
14r;::; .
wd V;:; (25)
-18-
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For case II, the side span mechanism with first hinge at B, the
maximum value of L is determined as:
d
,[ E1.42 -2!-
1 L Ey
d - f [l§.«- + .15 - 2)
48 8JTa..
(26)
For case III, the center, span mechanism with the first hinge at
the support, the maximum value of ~ is for f3:!!E 1 - ~ a :
and for {3:::::'" 1 - ~ Q is:
L L. ....:[=---:......; ,..T_----'~:;;--_K---=-[1_+__::8=_"~-+---loiz~j
d f [lIld.- _a+ 1:.]
434
(27)
(28)
The quotient! has been calculated for the first and last of
f
each group of wide-flange shapes listed as beams in the A.I.S.C. Steel
Construction Manual. These values are shown in Table 1. The maximum and
minimum values for compact sections are 0.42 and 0.86. A typical value is
0.64.
Both the rotation capacity required to permit the formation of
a mechanism and the
Therefore; when the
rotation capacity are directly proportional to E .
. y
two are equated to obtain limiting values of 1, the
. d
resulting expression does not contain Ey • The only material property
L ESTappearing in the limitation is the quotient This indicates thatd ~.
-19-
for a given section in a combination of geometry and loading that has been
found to result in adequate rotation capacity for A36 steel, rotation
capacity should be adequate if a higher strength steel with the same
EST
is used.Ey
ESTFor equal to
Ey
for the maximum,- minimum and
resulting limiting values of
11, limiting values of 1 have been determined
d
typical value of ! shown in Table 1. The
f
1 are shown in Table 2 for selected values of
d
a and f3. It can be seen that the combinations of a and f3 for which the
L
d limitation is severe fall in region II"of Fig. 9. That is, the rotation
capacity is apt to be inadequate only when the first hinge forms at point
B. A consideration of Fig. 12 and Eq. 20 explains this. As can be seen in
Fig. 12, the rotation capacity required increases wi th f3 As can be seen
in Eq. 20, the rotation capacity is independent of a and f3 for this case.
Therefore, with' increasingf3 the maximum allowable ~ is reduced.
Beams Under Uniform MOment
Both the rotation capacity required and the rotation capacity are
directly proportional to 1 when hinge forms in the region of uniform moment.
d
Therefore, when the two are equated, no limitation is imposed on the length
to depth ratio. An expression is obtained which relates the slenderness
!
ratio kLb/ry to a function of a ,{3 , and The expression is
2 1][~-kLb.L 7T Ey (29)
---
r 2
[ EST ] E [ 3{3a -g+~~ - 1 E Y + 1. 4 EST fEy 4 3 4
As can be seen in Fig. 9, the first hinge forms -in the region of uniform
20.
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moment only for small values ofJ3 . As can be seen in Fig. 14 the rotation
capacity required is greatest whenJ3 is equal to zero. Equation 29 is
plotted forPbqual to zero in Fig. 17 for A36 and A44l steels. ~e
unbraced slenderness ratio limitation is inversely proportional to € y
and contains the quotient ~ in the denominator. ~erefore, bracing must
EST
be much more closely spaced to permit the formation of a mechanism when
kLbhigh strength steel is used. ~e value --- resulting from equation 29 is
r
y kL
subject to the same limitation as is the ~ in equation 4. ~at is,
r y
the expression is applicable only when the optimum bracing spacing is
exceded.
Working Load Deflection Limitation
Working load deflections must be restricted in some designs. A
maximum permissible value of 1 can be determined to ensure that a deflection
d
requirement is met. This has been done for the beam analyzed as an example.
The calculation was performed for a load factor of 1.70 and a maximum
permissible working load deflection of __1_ of the span length. For a load
360
factor of 1.70 the beam was found to be elastic at working loads for all
t3 values and for all a ~6. The value of a can be expected to be less
than 3 in general. ~erefore the deflection calculation is an elastic
P
ult
analysis with the load equal to~. The results of the deflection
analysis are plotted in .Fig. 18 and tabulated for A7 and A44l steels for the
values of a and J3 considered in the rotation capacity analysis in Table 3.
A comparison of the limiting values of 1 shown in Tables 2 and 3 indicates
d
that for values of ~nd t3between 0.5 and 3 the deflection limitation is
much more stringent than is the rotation capacity limitation. ~e
deflection limitation imposed is one that is usually used for live load alone.
If it is assumed that live load is only half the total load, the deflection
-21-
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limitation is less restrictive. The allowable 1 based on a consideration
d
of working load deflections is lower for higher strength steels. For
example, an A44l member can have an 1 of only 36 times that permitted for
d 50
an A36 member. Therefore, deflection limitations are much more stringent
for high strength steel members when an arbitrarily selected value is used
for permissible deflections .
.:."
-22-
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SUMMARY
A. three span beam has been analyzed to determine the requirements
that must be satisfied to ensure that the beam exhibits sufficient rotation
capacity to permit the formation of a mechanism. The influence of material,
properties, especially the yield stress, has been considered to permit some
conclusions to be drawn concerning the use of high strength steel beams in
plastic design. The beam was first analyzed to determine the rotation
capacity required to permit the formation of a mechanism, and then analyzed
to determine its rotation capacity. Algebraic expressions for required
rotation capacity and available rotation capacity resulting from these
analyses were equated ,to obtain expressions which can be used to determine
whether a given cross section, made of a given steel, will exhibit adequate
rotation capacity when used in a specified structure.
When the first hinge to form occurs in a region of moment gradient,
a maximum length to depth ratio of the center span can be specified in terms
f . 1 . K . 1 EST h 1o a cross sect~ona property, f' a mater~a property ----, and t e re ativeEy Llengths a and magnitudes of loads {3 of the center and side span. The d
limitation resulting from this analysis are shown in Table 2 for selected
values of Q and {3for a high, low, and typical value of the cross section
property ~. A value of 11, typical of A36 and A441 steels, was used for
f
EST
the material property This is the only material property that entersEy
EST
---.-.
Ey
T1::lerefore, the results of thethe L 1" . f .d _~m~tat~ons or compact sect~ons.
analysis can be used conservatively for steels with higher values of
The ~ 1imita,tion is not stringent in most cases. ·As can be seen in
Table 2, the ~ limitation becomes l~ss than the normally encountered value
d
~
I
of approximately 20 only for relatively high side span loads.
-23-
The beam was found to be elastic at working loads, therefore an
elastic analysis was performed to determine working load deflections.
A limitation on L was determined to ensure that working load deflections
d
due to dead and live load were
of the deflection analysis are
less than __1_ the span length. The results
360
plotted in Fig. 18 and tabulated in Table 3
for the values of a and /3 shown in the rotation capacity analysis. The
~ limitation imposed to meet the working load deflection requirement is
more stringent than that imposed to ensure adequate rotation capacity for
normally encountered values of fJ . Since the 1 limitation imposed to
d
meet a working working load deflection requirement is inversely proportion-
al to the yield strain, the disparity between the two limits is even
greater for high strength steels.
The resultingand f3
, can be specified as a
A36 and A44l steels in
was always equal or greater
When the first hinge to form occurs in a region of uniform
kLb
ry
of a
moment, a maximum unbraced slenderness ratio
E Efunction of~' ~ f, and a functionY'k~ EST' Q
limitations on b are plotted for~ = 0 for
r y kL
Fig. 17. For the range of a considered, ~
ry
than the optimum value. That is, no case was encountered in which adequate
rotation capacity could not be obtained by the use of propertlyspaced
beacing.
The results of the analysis indicate that compact properly braced
A441 sections can be expected to have. sufficient rotation capacity in
structures in which the same sections have been found to have adequate
rotation capacity when A36 steel was used. Working load deflection
(
limitations present more difficulties when using high strength steels, but
rotation capacity should not if properly braced compac.tsections are used.
-24-
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MB,C,D,E
NOMENCLATURE
area of cross section
area of flange
area of web
flange width
section depth
Young's modulus
strain hardening modulus
shear modulus
strain hardening shear modulus
length of plastic hinge
weak axis moment of inertia
. effective length factor
a cross sectional property
center span length
unbraced length
moment at point referred to in subscript
plastic moment
-26-
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t
w
a
eB,C,E
297.14
magnitude of point load
ultimate load when center span mechanism occurs
ultimate load when side span mechanism occurs
weak axis radius of gyration
flange thickness
lesser shear at point of maximum moment
greater shear at point of maximum moment
web thickness
side span length/center span length
side span load/center span load
yield strain
strain hardening strain
required rotation capactiy at B,D or E
rotation capacity
total rotation at plastic hinge
angle at hinge assumed at left end of region of uniform moment
angle at hinge assumed ar right end of region of uniform moment
elastic portion of total rotation at a plastic hinge
-27-
tJ
p
0"'ULT
Poisson's ratio
ratio of moments at adjacent parts in moment diagram
ultimate stress
yield stress
strain hardening curvature
yield curvature
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SECT bit K Kif
36WF300 9.91 .669 .616
36WF230 13.08 .670 .594
36WF194 9.62 .523 .452
36WF150 12.74 .495 .429
33WF240 11. 33 .695 .614
l 33WF200 13.70 .677 .60133WF152 10.96 .545 .47533WF130 13.46 .503 .43630WF210 11.49 .724 .641
30WFl72 14.07 .708 .631
30WF132 10.55 .540 .469
30WF108 13.79 .484 .419
27WFl77 11.84 .72,7 .643
27WF145 14.32 .727 .648
27WF114 10.80 .566 .494
27WF94 13.37 .541 .473
24WF160, 12.41 .812 .725
24WFl30 15.56 .775 .694
24wF120 13.00 .718 .638
24WFlOO 15.48 .718 .642
24WF94 10.39 .584 ".510
24WF76 13.17 .552 .483
21WFl42 11. 99 .829 .737
21WF112 15.03 .833 .748
21WF96 9.67 .626 .546·
21WF82 11. 27 .620 .544
21WF73 11. 21 .588 .514
21WF62 13.40 .567 .497
18WF114 11. 94 .858 . 763
18\-lF96 14.14 .852 .763
18wF85 9.70 .716 .630
18WF64 12.70 .717 .637
18WF60 10.87 .625 .549
18wF50 13.16 .608 .536
16WF96 13.18 .911 .814
16WF88 14.47 .893 .800
16WF78 9.81 .736 .647
16WF58 13.12 .726 .645
16WF50 11. 26 .644 .567
16WF36 16.34 .587 .518
14WF74 12.86 .. 957 .856 .
14WF61 15.55 .954 .861
14WF53 12.25 .838 . 748
14WF43 15.15 .826 .742
14WF38 13.21 .689 .612
14WF30 17.68 .630 .559
12WF50 12.60 .905 .809
Table 1 CROSS SECTIONAL PROPERTIES
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SECT bit K Kif
12WF40 15.50 .928 .838
12WF36 12.16
.790 .705
12WF27 16.25
.768 .690
10WF29 11.60
.808 .719
10WF21 16.91
.714 .637
8WF20 13.94 .812
.724
8WF17 17.05 .748 .667
Table 1 - continued
-30-
r~ 0.5 1.0 2.0 4.0
69.5 91.5 46.9 40.7
0.5 98.8 130 66.7 58.0
134.5 177 90.6 78.9
33.7 124 155 81.1
1.0 48.0 176 220 115.5
65.2 239 299 157.0
273 16.9 19.7 98.5
2.0 389 24.0 27.9 140
529 32.6 37.9 191
11. 1 8.9 12.9 119
4.0 15.8 12.7 18.32 170
21. 5 17 .2 24.9 230
Kf = 0.42, 0.64, 0.86 respectively for first, second and
last value shown in each group.
Table 2 MAXIMUM ~ WHEN ROTATION CAPACITY GOVERNS
(Beams under moment gradient)
Table 2
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I~ 0.5 1.0 2.0 4.0
38* 50* 11* 11*
0.5
23 30 7 7
50* 50* 20* 11*
1.0
30 30 12 7
70* 31* 17* 10*
2.0
42 18 10 6
30* 30* 10* 10*
4.0
18 18 6 6
* A7 Steel
A441 Steel
Table 3 MAXIMUM ~ WHEN DEFLECTIONS GOVERN
Table 3
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Fig. 1 Three Span Beam
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L
Co) Beam at First Yield
Py < P ~<P
Yielded Regions
(b) Beam at Intermediate Load
_--_=____ f". :(u~.._-- _
k ~1)i\nt=k:- 1
8HF
(c) Beam at Ultimate Load
C/Jy
epST
(d) Curvature at Ultimate Load
Fig. 2 Beam With Portion Under Uniform Moment
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Pull. from Plastic
Analysis c'
PL
Mp a
c .......
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I
l
Simple Plastic Theory
- - - Effects of Residual Stresses
Shape Factor, and Strain Hardening
8e d
2Ey L f
I
l
Fig. 3 Load va. Joint Rotation
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(a) Beam at First Yield
Py < P < Pulf.
~e-g-io-n---~~·
(b) Beam at Intermediate Load -
~~._--~---~
8HF
(e) Beam at Ultimate Load
(d) Curvature at Ultimate Load
Fig. 4 Beam Under Moment Gradient
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Analysis
a
Fig. 5
dc· --- --- ... ,
c ,
-- Simple Plastic Theory
- - - Effects of Residual Stresses
Shape Factor, and Strain Hardening
Be d
2EyLf
Load vs. Joint Rotation
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(a) Moment Gradient
,J:J;------~~----~~
BHL BHR
(b) Uniform Moment
Fig. 6 Idealization of Hinge Angles
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Mmox
Fig. 7 Moment Diagram
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pus. Pus
(a) Side Span Mechanism
(b) Center Span Mechanism
(c) Combined .Mechanism
Fig. 8 Possible Mechanisms
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Fig. 9 Location and Order of Occurrence of Hinges
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(a) Hinge Angle Bo for Cases I and m
8~'
- s
(b) Hinge Angle Bs for Case :IT
f3J Ir~t P Mp If ~t~ ---- ~~:Jk=~ -- ~
BE 8E
, (c) Hinge Angle BE for Case TIL
Fig. 10 Hinge Angles
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Fig. 11 Inelastic Rotation at D ,(Case I)
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Fig. 12 Inelastic Rotation at B (Case II)
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Fig. 13 Inelastic Rotation at D (Case III)
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Fig. 14 Inelastic Rotation Between E and £ (Case IV)
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Fig. 15
V
1 + -! for Case IV2
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Fig. 16 1 + V1 for Case IIIV2
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Fig. 17 Unbraced Lengths when {3 = 0
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